We introduce observation frames as an extension of ordinary frames. The aim is to give an abstract representation of a mapping from observable predicates to all predicates of a speci c system. A full subcategory of the category of observation frames is shown to be dual to the category of T 0 topological spaces. This result extends the Stone duality between the full subcategory of spatial frames and sober spaces. Appropriate notions of lters, prime elements, and morphisms are introduced in order to construct points of observation frames. These notions generalize the standard ones.
Introduction
A duality is a correspondence between two mathematical structures involving points and predicates such that isomorphic structures can be identi ed. Stone Sto36] rst found such a duality between topology and logic. He considered ordered sets (representing the syntax of some logical system) and constructed from a boolean algebra a set of points using completely prime lters. Conversely, by using a topology on a set of points he was able to construct a boolean algebra. For certain topological spaces (later called Stone spaces) these constructions give an isomorphism. In a later paper Sto37], he generalized this correspondence from Stone spaces to spectral spaces and from boolean algebra's to distributive lattices. Ho man and Keimel HK72] described this duality in a categorical framework. Even further, Isbell Isb72] gives an adjunction between the category of topological spaces with continuous functions and the opposite category of frames with frame homomorphism (which yields a duality between sober spaces and spatial frames). Stone duality in a mathematical context is studied in a book of Johnstone Joh82] , and for the context of domain theory we refer the reader to GHK + 80]. In his thesis Abramsky Abr87] applied Stone duality to get logics of domains, as used in denotational semantics. He argues that Stone duality is the bridge between denotational and axiomatic semantics. Smyth Smy83, Smy92] generalized the duality between sober spaces and spatial frames by allowing upper semi-continuous multifunctions as morphisms in the category of sober spaces, and by allowing Scott-continuous and nite multiplicative morphisms on spatial frames. Smyth realized that by this restriction the morphisms on the spatial frames are generalizations of predicate transformers in the sense of Dijkstra Dij76, DS90] . There are interesting spaces which are not sober. For example posets taken with the Alexandrov topology are not always sober. Johnstone shows Joh81] that not every dcpo with the Scott topology is sober. There are also spaces which have exponent in the category of topological spaces that are not sober Isb72] . Also if one wishes to study fairness or countable nondeterminism then it seems that one has to go beyond sober spaces: one has to consider a category of ! 0 and ! 1 chain complete partial orders with functions preserving least upper bounds of ! 1 chains Plo82].
In BK93] two of the authors introduced the notion of completely multiplicative predicate transformers. This notion was used in BK94] for an extension of the results of Smyth Smy83 ] from sober to T 0 spaces (considering also lower semi-continuous and Vietoris continuous multifunctions besides the upper semi-continuous ones). For this result frames were used whose elements are open sets of some T 0 space. This forms the basis for the investigation below. Usually subsets represent predicates and open sets Smy83, Kwi91, BK94] represent observable predicates. In a more abstract view, a complete lattice represents predicates while a frame represents observable predicates. This leads us to introduce observation frames: they map observable predicates to arbitrary predicates. They are mappings from frames to complete lattices preserving arbitrary joins and nite meets. An example of an observation frame is the embedding of open sets into the power set of points. Also Vickers Vic89] and Abramsky Abr87] view frames as collections of observable predicates. Concerning liveness predicates, Abramsky Abr87] suggests that one has to look for structures more complicated than the simple lattice of open sets. Liveness predicates can be seen as arbitrary (but according to Smy83] only countable intersections should be considered) intersections of open sets. Our framework of observation frames has both arbitrary unions and intersections of open sets. We use an abstract framework where open sets are just elements of a frame. A di erent approach has been followed by Kwiatkowska et al. in AKM93] . In this approach liveness predicates are interpreted as greatest xed points of open sets. This interpretation, however, does not coincide with the classical interpretation of the in nitary conjunction. The outline of the paper is as follows. First we introduce observation frames and turn them into a category. Then we construct from observation frames a topological space by constructing points through a special kind of prime elements. In this way we obtain a duality between observation frames and topological spaces. Next we give a logic of observation frames with arbitrary conjunctions and disjunctions. This is done by the introduction of M-topological systems, which are a generalization of the topological systems of Vickers Vic89]. Subsequently we elaborate in two directions: rstly we apply the theory to upper power spaces of posets using lter theorems. Secondly we restrict our duality to some subcategories of T 0 spaces. We give a dualities for spaces that are in general non-sober. We consider T 1 spaces, compact spaces, open and core compact spaces and posets. This leads us to a pointless version of the directed ideal completion of a poset (using the lattice side of the dualities of posets and algebraic dcpo's).
Mathematical Preliminaries
In this section we provide some basic notions and facts on lattices and topological spaces. For more detailed discussions consult Dug66, Eng89] and GHK + 80]. We assume some familiarity with basic notions of category theory Mac71] . 3.3. Examples. (i) Let 2 = f?; >g be ordered by ? >. It is a frame (and hence also a complete lattice). Therefore the identity function id : 2 ! 2 is an observation frame. We will refer to it as 2. More generally, given a frame F, the identity function on F is an observation frame.
(ii) Let F be a frame and let X = CPF(F ) be the set of all the completely prime lter on F. The assignment a 7 ! a _ = fF 2 CPF(F ) j a 2 Fg yields a function F ! P(X) which preserves nite meets and arbitrary joins ( Smy92] Proposition 4:3:5). Hence we get an observation frame. In general this function (?) _ is not injective, but it is so in case F is a spatial frame (see Smy92] again).
(iii) Let X = (X; O(X)) be a topological space. Since O(X) is a frame the inclusion O(X) , ! P(X) is an observation frame. We will denote it by (X). Notice that 2 in (i) is (1), where 1 is the one element (terminal) topological space.
(iv) Let X be a topological space and let Q(X) be the collection of saturated sets. Q(X) is closed under arbitrary intersection and hence it is a complete lattice. The inclusion O(X) , ! Q(X) forms an observation frame.
Next we organize observation frames in a category. We need an appropriate notion of morphism of observation frames.
3.4. De nition. Given two observation frames F.!L and G.!K, a morphism of observation frames (F .!L) ?! (G.!K) consists of a function : F ! G satisfying (i) is a morphism of frames (i.e. preserves nite meets and arbitrary joins);
This gives a category (with composition as for ordinary functions) which is denoted by OFrm.
The idea is that a morphism between observation frames preserves the logic of observable properties, but also take into account what happens to in nite conjunctions of these observable properties (which are usually outside the frame). A morphism : 3.5. Examples. (i) For a topological space X there is an isomorphism in OFrm between the observation frame O(X) , ! Q(X) and (X) = O(X) , ! P(X) given by the identity function on O(X).
(ii) Let X and Y be two topological spaces and f : X ! Y be a continuous function in the category of topological space Sp. Then f induces a morphism (f) : (Y ) ! (X) in OFrm de ned by its inverse image, i.e., (f)(o) = fx 2 X j f(x) 2 og for every o 2 O(Y ). We check the multiplicativity condition. Assume S; T O(Y ) with T S T T. Then
Thus we have a functor : Sp ! OFrm op . Later it will be shown that has a right adjoint.
The next de nition introduces saturated elements of an observation frame.
3.6. De nition. Let F.!L be an observation frame. The set of saturated elements of
It is ordered by the restriction to Q(F.!L) of the order on L.
Saturated elements can be seen as (abstract) predicates that can be deduced from nite observations, but they need not to be nite observations themselves. In other words, saturated elements may be de ned in terms of an arbitrary number of observable predicates, and hence we can think of them as the (abstract) liveness predicates ( 
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A meet-preserving function on lattices does not need to induce a morphism in OFrm.
The next remark gives a condition under which a morphism is induced. This will be used in the next section.
3.10. Remark. Let F.!L and G.!K be two observation frames where G.!K is an isomorphism, and let : Q(F.!L) ! K be a function such that
for all S F. Then there is a unique morphism in OFrm : F ! G such that (a) _ = (a _ ) for every a 2 F. Since G.!K is an isomorphism there is a unique way of de ning in order to satisfy the conditions in the lemma 3.9: (a) = b for the unique b 2 G such that b _ = (a _ ). Clearly is a frame morphism and by Lemma 3.9 it is also a morphism in OFrm.
M-lters and M-prime elements
In this subsection we introduce the notions of M-lter and of M-prime element of an observation frame. They will be used later for constructing the points of a topological space associated with an observation frame. Furthermore we prove that completely prime (ii) Let X be a topological space and consider the observation frame (X) again. For every x 2 X the set U 0 (x) = fo 2 O(X) j x 2 og is a completely prime M-lter. Next we show that every M-prime element in (X) is of the form o x for some x 2 X. Indeed, let p 2 MP( (X)). Since p 2 O(X) we have just seen that T fo x j x 6 2 pg p. But then o x p for some x 6 2 p. The latter yields p o x and hence p = o x (this fact will be crucial later on for obtaining our duality).
Finally, if X is a T 0 topological space then clearly every M-prime element of (X) is of the form o x for a unique x 2 X. 
Proof. Let F.!L be an observation frame, : (F .!L) ! 2 be a morphism in OFrm, U F be a completely prime M-lter and p 2 F be an M-prime element. We prove only (i) ) (ii) ) (iii) ) (i). The veri cation of the other correspondences is left to the reader. (i) ) (ii) We have to prove that U is a completely prime M-lter. We start by proving that U is an M-lter. For every x 2 F such that uU _ v x _ we have V f (a) j a 2 U g (x) since is a morphism in OFrm. But a 2 U if and only if (a) = > by de nition, hence also (x) = >. Therefore x 2 U . It remains to show that U is completely prime. First we have ? 6 2 U since (?) = ?. Let S F and a 2 U be such that a W S. Then ( W S) = > because is a frame morphism and > = (a) ( W S) = W (S). Therefore there is s 2 S such that (s) = >, that is, there is s 2 S such that s 2 U .
(ii) ) (iii) We have to prove that p U is an M-prime element. We have p U 6 = > because otherwise U = ; (if a 2 U then also > 2 U since it is upper closed). But this cannot be as U is an M-lter.
Let now S F be such that uS _ v p _ U . Then uS _ v ( W fa 2 F j a 6 2 Ug) _ = F fa 2 F j a 6 2 Ug _ . There must exists a s 2 S such that s 6 2 U because if not, S U would imply uU _ v uS _ v ( W fa 2 F j a 6 2 Ug) _ and hence W fa 2 F j a 6 2 Ug 2 U as U is an M-lter. But it is also completely prime, hence the contradiction that there exists a 6 2 U such that a 2 U. (iii) ) (i) We have to prove taht p is a morphism in OFrm. It is easily veri ed that it is a frame morphism and hence we concentrate on the proof that p is completely multiplicative. Let S; T F be such that uS _ v uT _ . Assume V p (S) = > but suppose V p (T ) = ?. Then there exists t 2 T such that p (t) = ? and hence t p. Since p is an M-prime element, we have that uS _ v uT _ v t _ v p _ implies there exists s 2 S such that s p. Hence p (s) = ? contradicting V p (S) = > 2 Notice that applying the inverse image of a morphism in OFrm to a completely prime M-lter yields again a completely prime M-lter. Indeed let : (F .!L) ! (G.!K) be a morphism in OFrm and let U G be a completely prime M-lter. Then U : (G.!K) ! 2 is also a morphism in OFrm which hence yields by composition a morphism from F.!L to 2, or, equivalently, a completely prime M-lter ?1 (U) F.
Observation Frames and Topological Spaces
In this section we de ne a point functor Pt from the opposite of the category of observation frames to the category Sp of topological spaces by topologizing the M-prime elements. We show that Pt is right adjoint to the functor (for its de nition see Example 3.5). Proof. We have already seen in Example 3.15 that the M-prime elements of (X) are exactly those of the form o x = int(X n fxg) in a topological space X. Hence is clearly onto. Let us now check it is also continuous. For o 2 O(X) we have:
If X is a T 0 space, then we have seen in Example 3.15 that the M-prime elements of (X) are exactly those of the form o x = int(X nfxg) for a unique x 2 X. Therefore is injective and since it is also onto, it is an isomorphism. 
This extends Pt to a functor from OFrm op to Sp which is right adjoint of .
Proof. Let a 2 F. In order to obtain the required commutativity we have to prove
that is, by de nition of "(a) 8x 2 X: f (x) 2 4(a) , x 2 (a) that is, by de nition of 4(a) 8x 2 X: a 6 f (x) , x 2 (a)
This determines f (x) uniquely as W fb 2 F j x 6 2 (b)g. Indeed for all x 2 X if a 6 f (x) then x 2 (a) because otherwise we would have a 2 fb 2 F j x 6 2 (b)g and hence the contradiction a W fb 2 F j x 6 2 (b)g = f (x). Conversely, if x 2 (a) then a 6 f (x) because otherwise a f (x) = W fb 2 F j x 6 2 (b)g would imply, upon applying ,
Since x 2 (a) we would get that there exists b 2 F such that x 2 (b) and x 6 2 (b). Next we show that f (x) is an M-prime element, i.e. f (x) 2 MP(F .!L). Let S F be such that uS _ v f (x) _ . Then from the de nition of f (x) and upon applying (multiplicative) we obtain \ (S) ( _ fa 2 F j x 6 2 (a)g) = f (a) 2 O(X) j x 6 2 (a)g Hence there exists s 2 S such that s f (x) because otherwise for all s 2 S we would have s 6 f (x) and hence by the above, x 2 (s) for every s 2 S. But then x 2 T (S) which implies there exists a 2 F such that x 2 (a) and x 6 2 (a).
The function f is also continuous. Let a 2 F and consider the open set in the M-hull topology 4(a). Then we have: f ?1 (4(a)) = fx 2 X j f (x) 2 4(a)g = fx 2 X j a 6 f (x)g de nition of 4(a) and f (x) is an M-prime element = fx 2 X j x 2 (a)g
The unit of the adjunction is given by the function de ned in Lemma 3.23.
Duality for T 0 Topological Spaces
In this subsection we characterize a subcategory of OFrm which is the dual of the category of T 0 topological spaces using the adjunction of Theorem 3.24. (i) X is order generating; (ii) every element of D can be written as a (possibly in nite) meet of a subset of X; (iii) D is the smallest subset containing X closed under arbitrary meets; (iv) whenever y 6 x, then there is a p 2 X with x p but y 6 p. (ii) Let F.!L be an observation frame. (() De ne " ?1 (4(a)) = V (MP(F .!L) n 4(a)) for every a 2 F. Then we have:
Therefore " is injective. Since we have already seen in Lemma 3.22 that " is onto, we have that " is an isomorphism with inverse " ?1 . It is also order re ecting because if a 6 b for a; b 2 F, then by Proposition 3.26 there is a p 2 MP(F .!L) such that a 6 p but b a. Therefore "(a) = 4(a) 6 4(b) = "(b). We constructed the duality with M-prime elements. Using Lemma 3.16 we can see that our duality comes from the \schizophrenic" object 2 = (1) in OFrm. 
M-Topological Systems
Topological systems were introduced by Vickers Vic89] in order to subsume both topological spaces and (ordinary) frames. In a topological system we have a set of subjects (or points) and a set of predicates (or opens) and a satisfaction relation matching the geometric logic (or logic of nite observations). In this section we generalize these topological systems in order to obtain a satisfaction relation of propositional logic for observation frames (with both in nite conjunctions and disjunctions). for every S F. Similarly j = (uS _ ) = T s2S j = (s _ ) for all S F. But then by remark 3.10 and by considering the observation frame id : P(X) ! P(X), there exists a unique morphism j = : F ! P(X) in OFrm such that j = (a) = j = (a _ ) for every a 2 F.
(ii) Conversely, by Lemma 3.9, every morphism : F ! P(X) in OFrm induces a M-topological system (X; j = ; F.!Q(F.!L)), where for every x 2 X and q 2 Q(F.!L), x j = q if and only if for every a 2 F if q v a _ then x 2 (a). It is easy to check that T is a functor from Sp to MTS.
4.6. Remarks. (i) Let (X; j =; F.!L) be a M-topological system. Since the observation frames F.!L and F.!Q(F.!L) are isomorphic in the category OFrm we have also that the topological system (X; j =; F.!L) is isomorphic in MTS to the topological system (X; j =; F.!Q(F.!L)).
(ii) Let P ?1 : Set ! OFrm op be the contravariant functor which maps every set X to the observation frame id : P(X) ! P(X) and every function f : X ! Y to its inverse. Consider the comma category (for its de nition see Mac71]) (P ?1 #OFrm op ) given by the functors P ?1 and the identity functor on OFrm op . Remark 4.3 and the isomorphism above imply that we have an equivalence of categories between MTS and (P ?1 #OFrm op ). This shows that our category of M-topological systems is obtained like the category of (ordinary) topological systems as used by Vickers. The latter is obtained as comma category (P ?1 #Frm op ).
Next we show that the adjunction of Theorem 3.24 can be split in two parts: one from topological spaces to M-topological systems and one from M-topological systems to observation frames. We thus have a situation as in Vic89]. We start with the rst adjunction. This extends Sp to a functor from MTS to Sp which is right adjoint of T .
Proof. (sketch) Take g = f. It is clearly continuous and the unique one such that T (g) makes the diagram commute.
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A M-topological system is called spatial if it is isomorphic in MTS to T (X) for some topological space X.
Next we give the second adjunction between M-topological systems and observation frames.
There is an obvious forgetful functor Fr This extends S to a functor from OFrm op to MTS which is right adjoint of Fr.
Proof. De ne g(y) = W fb 2 F j x 6 j = (b) _ g for all y 2 Y and (a) = (a) for every a 2 F. It is not hard to see that g(y) 2 MP(F .!L) for all y 2 Y . We show y j = (a) _ if and only if g(y) j = a _ for all y 2 Y and a 2 F. We also de ne the relation of semantic entailment on Q(F.!L) for all q; r 2 Q(F.!L) by putting q`Q r if and only if for every M-topological system (X; j =; F.!L) and x 2 X if x j = q then x j = r.
We could also de ne this relation on L, but in the category OFrm we are interested only in the observable predicates F and the predicates Q(F.!L) that can be deduced from the observable ones.
The next lemma says that for every observation frame F.!L the order on F is contained in the entailment relation and hence we get soundness. Similarly we have soundness for Q(F.!L). 
Lemma (soundness)
.
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The next lemma states that the entailment relation implies the order if and only the observation frame F.!L is such that F is order generated by the M-prime elements. This is equivalent to stating that completeness both for F and Q(F.!L) holds if and only F is order generated by the M-prime elements.
4.12. Lemma (completeness). Let F.!L be an observation frame. The following statements are equivalent.
(i) F is order generated by the M-prime elements of F.!L (ii) a`F b implies a b for all a; b 2 F (iii) q`Q r implies q v r for all q; r 2 Q(F.!L) and ( ) _ is order re ecting. This contradicts what we just proved. For topological spaces, the assignment X 7 ! Q(X) extends to a functor Sp 0 ! Sp 0 : for f : X ! Y one gets a function Q(X) ! Q(Y ) by A 7 ! f(A). Even more, one gets a monad with unit X ! Q(X) given by x 7 !"x and multiplication Q(Q(X)) ! Q(X) by A 7 ! S A.
Proof. We shall prove (i) , (ii) and (ii) , (iii). (i) ) (ii)
We thus extend the de nition of upper power space in Smy83] from topological spaces to observation frames.
The following three lemmas were partly present in BK94]. They establish the fundamental role of M-lters in this setting. The rst and fundamental step is that upper power spaces can also be described in terms of M-lters. Subsequently this correspondence is re ned to compact and complete irreducible saturated elements.
5.1. Lemma. Let F.!L be an observation frame. There is an order isomorphism between the collection of saturated elements (Q(F .!L); U ) and the collection of M-lters MF(F .!L) ordered by subset inclusion.
Proof. Let q 2 Q(F.!L) and de ne the set U(q) = fa 2 F j q v a _ g. It is an M-lter since if uU(q) _ v x _ for some x 2 F, then x 2 U(q) because q = uU(q) _ as it is a saturated element. Conversely, for every M-lter V F we have from the de nition of saturated elements that uV _ 2 Q(F.!L). Furthermore, for every saturated element q we have uU(q) _ = q because q is saturated.
Conversely, for every M-lter V F we have U(uV _ ) = fa 2 F j uV _ v a _ g = fa 2 F j a 2 Vg U is an M-lter = V
The isomorphism is clearly order preserving. 
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In the remainder of this section we will have a brief look at upper power spaces on posets, continuous posets and algebraic posets. In the latter two examples we make essential use of the above Corollary 5.6. The rst example is more elementary and can be described without.
Upper Power Space on Posets
Let PoSets be the category of posets and monotone functions. There is a full and faithful functor PoSets ! Sp 0 which maps a poset (X; ) to the underlying set X equipped with 5.8. Remark. Given a poset (X; v) notice that the poset of 1-ideals in (X; v) is orderisomorphic to (X; v). Indeed, if I X is an 1-ideal, then by its de nition there is a b 2 I such that a v b for every a 2 I, i.e. I coincides with the lower set of a unique point b 2 X. If (X; v) is a preorder, then the poset of 1-ideal in (X; v) ordered by subset inclusion coincides with the anti-symmetrization (i.e., T 0 -cation) of X. We nd it more convenient to work with 1-ideals because they are similar to directed ideals. Finally we prove the isomorphism (preservation of the orders is immediate) I U I = fa 2 P f (X) j "a 2 U I g = fa 2 P f (X) j 9b 2 I: b "ag = fa 2 P f (X) j 9b 2 I: a U bg = I; U I U = fo 2 O(X) j 9a 2 I U : a og = fo 2 O(X) j 9a 2 P f (X): "a 2 U & a og = U: where the inclusion ( ) holds because "a o. Conversely, ( ) follows from the fact that U is Scott-open and that every Alexandrov open set o is equal to the directed union S f"a j a 2 P f (X) and a og.
(ii) We use Lemma 5.1 and the fact that M-lters are closed under arbitrary unions.
The latter correspond to ideals I in (P(X); U ). The correspondence U 7 ! I U and I 7 ! U I are, just as before, given by I U = fa 2 P(X) j "a 2 Ug and U I = fo 2 O(X) j 9a 2 I: a og Again I U is an 1-ideal and U I is an M-lter. Like before the two constructions form an order isomorphism (notice that for proving U I U = U we use o 2 P(X) and "o = o). 2
Upper Power Space on Continuous Posets
Recall that for a directed complete partial order (dcpo) (X; ) an element y is way-below x, written y x if for every directed set S X, if x W S then there exists s 2 S such that y s. A continuous poset (X; ) is then a dcpo in which for every element x 2 X the set # # x = fy 2 X j y xg of elements way-below x is directed and has x as join. We write CPos for the category of continuous posets and continuous (directed join (ii) The continuous poset of ideals in (P(X); ), ordered by inclusion, is order isomorphic to the poset (Fil(O(X)); ) of (ordinary) lters of opens.
Proof. (i) We use Corollary 5.6 and establish a bijective correspondence between ideals I in (P f (X); ) and Scott-open lters F O(X). The correspondence F 7 ! I F and I 7 ! F I are:
I F = fa 2 P f (X) j " " a 2 Fg and F I = fo 2 O(X) j 9a 2 I: a og: It is not hard to see that a b 2 I F implies a 2 I F . And I F is non-empty because X 2 F, and X is the directed union, X = S f" " a j a 2 P f (X)g where the inclusion ( ) is obtained from the fact that for x 2 X the set # # x is directed and hence non-empty. Since F is Scott-open, we get " " a 2 F for some a 2 P f (X), and thus I F 6 = ;. To show that I F is upward directed, we need that " " a \ " " b = S f" " c j c 2 P f (X) and c " " a \ " " bg: Then, if a; b 2 I F , we have " " a; " " b 2 F and hence as F is a lter we obtain " " a \ " " b 2 F. Since F is Scott-open, we get " " c 2 F for some nite c " " a \ " " b. But Finally we prove the isomorphism (preservation of the orders is immediate) I F I = fa 2 P f (X) j " " a 2 F I g = fa 2 P f (X) j 9b 2 I: b " " ag = fa 2 P f (X) j 9b 2 I: a bg = I; F I F = fo 2 O(X) j 9a 2 I F : a og = fo 2 O(X) j 9a 2 P f (X): " " a 2 F & a og = F; where the inclusion ( ) holds because " " a o. Conversely, ( ) follows from the fact that F is Scott-open and that o is equal to the directed union S f" " a j a 2 P f (X) and a og.
(ii) The correspondence F 7 ! I F and I 7 ! F I are, like before, given by I F = fa 2 P(X) j "a 2 Fg and F I = fo 2 O(X) j 9a 2 I: a og Again I F is an ideal and F I is a lter. Moreover, the two constructions form an order isomorphism (notice that for proving F I F = F we use the fact that every open set o 2 O(X) is an element of P(X) and moreover " " o = o). 
Upper Power Space on Algebraic Posets
An element x in a dcpo X is called compact if x x. We write K(X) for the set of compact elements in X. One calls X an algebraic poset if it is a dcpo in which for each element x the set # x \ K(X) of compact elements below x is directed and has x as join. The principal upper sets "x for x 2 K(X) form a basis for the Scott topology on X. Since an algebraic poset is continuous, it is in particular sober as a topological space.
5.11. Lemma (AC). Let X be an algebraic poset, taken with its Scott topology.
(i) The algebraic poset of ideals in (P f (K(X)); U ), ordered by inclusion is order isomorphic to the poset (KQ(X); U ) of compact saturated sets. The latter correspond to Scott open lters of opens (see Corollary 5.6).
(ii) The algebraic poset of ideals in (P(K(X)); U ), ordered by inclusion is order isomorphic to the poset (Fil(O(X)); ) of (ordinary) lters of opens.
Proof. (i) We proceed as in the previous subsection and use Corollary 5.6 to get a bijective correspondence between ideals I in (P f (K(X)); U ) and Scott-open lters F O(X). The correspondence F 7 ! I F and I 7 ! F I are given by I F = fa 2 P(X) j "a 2 Fg and F I = fo 2 O(X) j 9a 2 I: a og:
The rest of the proof is as before, and hence left to the reader.
(ii) Similarly, the correspondence F 7 ! I F and I 7 ! F I are given by I F = fa 2 P(K(X)) j "a 2 Fg and F I = fo 2 O(X) j 9a 2 I: a og: As in the previous lemma we have that I F is an ideal and that F I is a lter. Moreover they form an order isomorphism (notice that for proving F I F = F we use the fact that every open set o 2 O(X) is equal to "a for some a K(X)). 
Some Further Equivalences
In this section we restrict our attention to subcategories of Sp. In the rst ve subsections we consider topological spaces which are not, in general, sober. For these spaces we give a duality by restricting the adjunction of Theorem 3.24. Finally, in the last subsection we consider the relationship between frames, observation frames, and sober spaces.
T 1 Spaces and Atomic Observation Frames
Recall that a space X is T 1 if for every x; y 2 X with x 6 = y there exists an open set o 2 O(X) such that x 2 o but y 6 2 o. For an example of a T 1 space which is not sober and an example of a sober space which is not T 1 see Smy92, IV, Example 4. 
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Notice that for an atomic observation frame F.!L with F order generated by its M-prime elements there can be no element di erent from the > which is above some other M-prime element. This means that the M-prime elements of F.!L are exactly the co-atoms of F (that is, maximal elements which di er from the top).
Compact Spaces and Quasi-compact Observation Frames
Recall that a space X is compact if for every A O(X) such that X S A there exists a nite S A such that X S S. Equivalently, a space X is compact if for every directed S O(X) such that X S A there exists s 2 S such that X s or, equivalently, a space X is compact if and only if X X in the lattice O(X). There are interesting compact spaces which are not sober: for example the poset of natural numbers (without top element) with the standard order and taken with the Alexandrov topology.
An element x 2 F for an observation frame F.!L is called quasi-compact Proof. Let X be a compact space and A O(X) be such that X A. Recall from Example 3.15 that for every x 2 X, the open set o x = S fo j x 6 2 og is an M-prime element of the observation frame (X) and that every M-prime element in (X) is of this form for some x 2 X (not necessarely unique). Thus for all x 2 X, A 6 o x if and only if X A:
But this implies there exists a nite S A such that X S S and hence, as above, S S 6 o x for all x 2 X. Therefore (X) is a quasi-compact observation frame.
Conversely, let F.!L be a compact observation frame and suppose MP(F .!L) S 4(A) for some A F. Since Conversely, it is enough to prove that every algebraic complete lattice L is order generated by its M-prime elements. We use Lemma 3.26. Let x; y 2 L with x 6 y. Consider the closed set cl(fyg) with respect to the Scott topology of L. Then x 6 2 cl(fyg) and, equivalently, x 2 X n cl(fyg) but y 6 2 X n cl(fyg). Since (ii) In GHK + 80, JA94] is it shown that the category AlgCDFrm of algebraic completely distributive frames (or, equivalently, algebraic complete lattices because every algebraic complete lattice is order generated by its M-prime elements and hence is a frame) with frame morphisms is dual to the category AlgPos of algebraic posets and Scott continuous functions. This duality is given by the functors O Sc (?) : AlgPos ! AlgCDFrm op which assigns to every algebraic poset its Scott topology and P ! (?) which assigns to every algebraic completely distributive frame F the set of all its prime elements ordered as in F.
Notice that the category AlgCDFrm and AlgCLat di er only in the morphisms: they preserve nite meets and arbitrary joins in the rst category but both arbitrary meets and joins in the second one. We have hence an inclusion functor i : AlgCLat , ! AlgCDFrm.
The following lemma describes the (directed) ideal completion of a poset without considering points and even without considering ideals but working only on the lattice-side of the duality. The function which maps every poset P to the sets of its directed ideals Idl(P ) ordered by subset inclusion, extends to a functor Idl(?) : PoSet ! AlgPos which is left adjoint of the forgetful functor U : AlgPos ! PoSet (see for example Plo81]). 6.11. Lemma. The inclusion functor i : AlgCLat , ! AlgCDFrm has a left adjoint j that is given by assigning to every algebraic complete lattice L the Alexandrov topology of the set of all prime elements P ! (L) ( 
Frames and Observation Frames
Let Frm be the category of frames whose objects are frames and whose morphisms are functions preserving nite meets and arbitrary joins. Recall that the set of all prime elements of a frame F is denoted P ! (F ). Given a frame F, we write Pt ! (F ) for the set P ! (F ) together with the collection of open sets 4 ! (a) = P ! (F ) n " a for every a 2 F.
Adapting the proof of Corollary 3.19 we see that this collection forms indeed a topology.
The full subcategory of Frm whose objects are frames F order generated by P ! (F ) is denoted by SFrm (spatial frames). The following lemma can be found in Joh82, II, 
Discussion
We introduced the category of observation frames as a pointless counterpart of topological spaces. Since our main interest is the duality between topological spaces and observation frames and an in nitary logic for the latter, we did not look at various constructions in the category of observation frames. It would be interesting to see limits, colimits, monos and epis in this category. Another interesting point of further study could be a generalization of sheaves over a the category of locales to sheaves over the category of observation frames. Finally, we mention two more points which need to be explored: a representation of general (non sober) directed complete partial orders with Scott topology and the question whenever the category of observation frames is algebraic or not.
between the observation lattice L. Furthermore is injective because if x 6 = y then x 6 y or y 6 x. Hence by the special choice of H and applying Lemma 3.26 we obtain (x) 6 = (y). Since P(H) is a frame, so is also L.
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